Abstract Spin correlations of e + e − pair productions of two colliding photons are investigated and explicit expressions for their corresponding probabilities are derived and found to be energy (speed) dependent, for initially linearly and circularly polarized photons, different from those obtained by simply combining the spins of the relevant particles, for initially polarized photons. These expressions also depend on the angles of spin of e + (and/or of e − ), for initially linearly polarized photons, but not for circularly polarized photons, as a function of the energy. It is remarkable that these explicit results obtained from quantum field theory show a clear violation of Bell's inequality of Local Hidden Variables theories at all energies beyond that of the threshold one for particle production, in support of quantum field theory in the relativistic regime. We hope that our explicit expression will lead to experiments, of the type described in the bulk of this paper, which can monitor energy (and speed) in polarization correlation experiments.
INTRODUCTION
There have been many investigations over the years of particles's polarizations correlations [1, 2, 3, 4, 5] in the light of Bell's inequality, and Bell-like experiments have been proposed recently in high energy physics context [6, 7, 8, 9, 10, 11, 12] . We have been interested in studying joint polarization correlation probabilities of particles produced by initially polarized as well as unpolarized particles in fundamental processes of quantum electrodynamics (QED) and the electro-weak theory [13, 14, 15, 16, 17] . Such studies, based on explicit computations in quantum field theory, show that the mere fact that particles emerging from a process have non-zero speeds upon reaching the detectors, imply, in general, that their polarization correlations depend on speed [13, 14, 15, 16, 17] and may also depend on the underlying couplings [17] . The explicit expressions of polarization correlations based on dynamical computations following from field theory, are non-speculative, involving no arbitrary input assumptions, and depend on speed, and possibly on the couplings as well. These are unlike formal arguments based simply on combining the spins of the particles in question, which are of kinematical nature. In the limit of low energies, our earlier expressions [13, 14, 15, 16, 17] for the polarization correlations were shown to be reduced to the simple method just mentioned by combining spins. In one of our previous investigations [17] , in which µ + µ − pair production in e + e − scattering was considered in the electro-weak theory. It was noted that, due to the threshold needed to create such a pair, the zero-energy limit may not be taken, and that the study of polarization correlations by simply combining spins (without recourse to quantum field theory) has no meaning. The focus of this paper is the derivation of the explicit polarization correlation probabilities of simultaneous measurements of spin of e + e − pair production of two colliding photons, as well as the corresponding probabilities when only one of the polarization of emerging e + (or e − ) is measured, in QED, for initially linearly polarized as well as circularly polarized photons, and particulary with initially unpolarized photons, with emphasis put on the energy available in the process so that a detailed study can be carried out in the relativistic regime as well. Since the production of e + e − pair by the collision of two photons (γγ → e + e − ) was originally proposed by Breit and Wheeler [18] , is so called "Breit-Wheeler process". In the present paper, in the spirit of Bell type experiments, we are interested in joint conditional probability distributions of spin measurements rather than of cross sections [19] . Conditional in the sense that given such a process has occurred, then we ask as to what is the probability distribution of spin measurements correlations. It has still not being directly observed because of a relatively high energy threshold which is about 1.022 MeV. With the continuous effort of the experimental verification on Earth-based experiments, using the technology based on free electron X-ray laser and its numerous applications, some first indications of its possible verification, have been reached. it also is one of most relevant elementary processes in high-energy astrophysics as well as in cosmology [20] . The QED calculations have been performed in stimulated BreitWheeler cross section [21, 22] as well. The reasons for our present investigation are two fold. First several theoretical [23, 24, 25] and experiments on γγ → e + e − have been carried out over the years [26] , and it is expected that our explicit new expression for the polarization correlations obtained, depending on energies, may lead to new experiments on spin correlations which monitor the energy (speed) of the underlying particles. Second, such a study may be relevant to experiments in the light of Bell's theorem (monitoring speed) as mentioned above and discussed below. The relevant quantity of interest here in testing Bell's inequality [6, 7] is, in a standard notation, ] with χ 1 , χ 2 denoting angles specifying directions along which spin measurements are carried out with respect to certain axes spelled out in the bulk of the paper. To show that the QED process is in violation with Bell's inequality of LHV, it is sufficient to find one set of angles χ 1 , χ 2 , χ ′ 1 , χ ′ 2 , such that S, as computed in QED, leads to a value of S outside the interval [−1, 0]. In this work, it is implicitly assumed that the polarization parameters in the particle states are directly observable and may be used for Bell-type measurements as discussed. We show a clear violating of Bell's inequality for all speeds in support of quantum theory in the relativistic regime, i.e., of quantum field theory.
We consider the process of e + e − pair production of the collision of two pho-
, in the center of mass frame of the process (see Fig. 1 ), given by the amplitude of the process is well known [27] , up to an overall multiplicative factor irrelevant for the problem at hand.
where e µ 1 = (0, e 1 ), e µ 2 = (0, −e 2 ) are the polarizations of two photons k 1 and k 2 , respectively. It is convenient to compute the amplitude of the process above, be rewritten as (j = 1, 2)
and these polarizations will be specified later. For the four momenta of the initially photons and the emerging e + (e − ), respectively, given by
where ω is the energy of the photons, m e denote the mass of an electron and positron. The measurement of the spin projection of the positron is taken along an axis making an angle χ 1 with the z-axis and lying in parallel to the x − z plane, as shown in Fig 1 ,
where
and the direction of the spin of the electron makes an angle χ 2 with the z-axis. For the two-spinors, we have
A straightforward computation gives the matrix elements as follows:
where k = 1, 2, 3. The matrix element above and Eq. (3) give the amplitude A in Eq. (2) as
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which depends on the specification of the polarization of the initial photons in the process. In Sec. 2, the amplitude in Eq. (12) is applied to compute exact joint probabilities of simultaneous measurement of spins of e + e − pair productions of two colliding linear and circular polarized, as well as unpolarized photons. It is also applied to compute of the corresponding probabilities of one of spin of e + (or e − ). We then simulated our computation to show violation of Bell's inequality of LHV theories, which may lead to new experiments on spin correlations which monitor the energy (speed) of the underlying particles in Sec. 3. Finally, we conclude our results in Sec. 4.
e (2) e Fig. 1 The figure depicts e + e − pair production by two-photons, with the initially photons moving along the z-axis, while the emerging electron and positron moving along the x-axis. The angle χ 1 measured relative to the z-axis, denotes the orientation of spin of one of the emerging positron may make. The unit vectors e (1) and e (2) are in x-and y-axis, respectively.
POLARIZATION CORRELATIONS IN BREIT-WHEELER PROCESS

initially linearly polarized photons
Now we consider the process, γγ → e + e − , with linear polarization of initial photons. The photon polarization vector e j is given by (j = 1, 2)
where e (1) and e (2) are unit vectors in the plane of interaction and perpendicular to it, respectively. These photon linear polarization vectors are given by e (1) = (1, 0, 0) and e (2) = (0, 1, 0)
and φ is the angle between e and the e (1) axis, as shown in Fig. 1 . In this case, the planes of photon polarization at an angle of φ 1 and φ 2 are equal to π/4 with x-axis, then Eq. (13) gives the polarization of the initial photons as e 1 = 1 √ 2
(1, 1, 0) = −e 2 . By substituting the polarization state of initial photons in Eq. (12), we have the amplitude of the process of the initial linear polarized photons, given by
Using notation F [χ 1 , χ 2 ] for the absolute value square of the right-hand side of Eq. (15), the conditional joint probability distribution of spin measurements along the directions specified by angle χ 1 , χ 2 is given by
The normalization factor N (ω) is obtained by summing over all the polarizations of the emerging particles. This is equivalent to summing of F [χ 1 , χ 2 ] over the pairs of angles
This leads to
giving
(19) If only one of the spins is measured corresponding to χ 1 , the probability can be written as
Similarly, if only one of the spins is measured corresponding to χ 2 , the probability can be written as
initially circularly polarized photons
Here we turn to consider the production of two initially photons k 1 and k 2 in the process, with the right-handed and left-handed circular polarization, are specified by the vectors
respectively, producing e + e − pairs, and place detectors for the latter at opposite end of the x-axis, as in Fig. 1, this gives
By using notations in Eqs. (16)- (18) to compute the joint probability of spin correlations of e + e − produced by two circularly polarized photons, this gives
initially unpolarized photons
Finally, we consider the process γγ → e + e − , in the c.m., with initially unpolarized photons with some over all polarization of the photons
where n = k/|k| and i, j = 1, 2, using the identity pol k · (e 1 × e 2 ) = 0, this gives
(see Fig. 1 ), generating an energy independent (normalized) entangled state for e + e − given by
Therefore the joint probability of spin correlations of e + e − is given by
and
for any arbitrarily chosen χ 2 , i.e., as in Eq. (20) and similarly for P [−, χ 2 ]. As the result of our calculation, we found that the joint polarization correlation probabilities of the initial unpolarized photons are independent of energy, as in the combining spin of the kinematic considerable.
SIMULATIONS AND DISCUSSIONS
In this section, we simulate the joint polarization correlation probabilities of e + e − pair productions of two colliding photons, for initially linearly and circularly polarized photons, computed in the previous section to show a clear violation of the relevant Bell-like inequality as a function of the energy of initially photons. We note the important statical property that . We perform such a simulation fitting, presenting our results, and discussing their physical implications.
As shown in Table 1 , we found that the deriving probabilities in Sec. 2.1, for initially linearly polarized photons, give S outside the interval [−1, 0] from below for four angles χ 1 , χ 2 , χ ′ 1 , χ ′ 2 at accessible energies. The plotting in Fig. 2 show that the probability P [χ
is a varying function of the energy of initial photons. These probabilities, for the set of angles (180
, are rapidly increasing, ω ≤3.5 MeV, after that they are slightly increasing with energy of the initially photons. On the other hand, for the set of angles (0
• ), they are slightly decreasing with energy of the initially photons. However, we found that S are varying functions of the set of angles χ
• and the energy are fixed which can see are decreasing functions of the energy of the initially photons when the angles are fixed (as shown in Fig. 4 ). Such the results as the probabilities and the indicator S depend on the angles of spin of e + e − and the energy of initially photons in processes.
As shown in Table 2 we found that the deriving probabilities in Sec. 2.2, for initially circularly polarized photons, gives S outside the interval [−1, 0] from below for four angles χ 1 , χ 2 , χ ′ 1 , χ ′ 2 at accessible energies. The plotting in Fig. 3 show that the probability P [χ (24) is a varying function of the energy of initially photons. These probabilities, for four set of angles χ ′ 1 and χ ′ 2 (see in Table 2 ), are rapidly increasing , ω ≤5 MeV, after that they are slightly increasing Table 1 The indicator S computed according to the probabilities of spin correlations of e + e − pair productions of two-colliding linearly polarized photons are simulated. For example, the four angles χ 1 = 0 • , and χ 2 , χ ′ 1 , χ ′ 2 are shown in a following table. R, B, G and O denotes Red, Blue, Green and Orange, respectively. with the energy of the initially photons. These plotting lies on the same line, even though the set of angles χ ′ 1 and χ ′ 2 were changed. We also found that S are varying functions of angles χ
• and the energy are fixed. These S are a rapidly decreasing with the increasing energy of initially photons when angles χ 1 = 0
• are fixed as shown in Table 3 , and plotted in Fig. 4 . Such the results as the indicator S depend on the angles of the measurement of spin of e + e − and the energy of initially photons, but the probabilities only depend on the energy of initially photons in processes.
In Table 4 we found that the deriving probabilities in Sec. 2.3, for initially unpolarized photons, also give S outside the [−1, 0] from below for four angles χ 1 ,
, and independent on energies (shown in Table 5 ). These S are plotted Fig. 3 The probabilities of simultaneous measurement of spin correlations of e + e − pair productions of two-colliding circularly polarized photons,
, as a function of the energies of photons. We have taken the angles as in Table 2 . Table 4 The value of the probabilities of spin correlations of e + e − pair productions of twocolliding circularly polarized photons are shown in Fig. 3 circularly polarized photons Fig. 4 The plotting of the indicator S as a functions of the energy of initially photons, for four set of angles
• of spin of e + e − for initially linearly polarized photon, as well as for four set of angles χ 1 = 140
• of spin of e + e − for initially circularly polarized photon. In particular for four set of angles
• of spin of e + e − for initially unpolarized photon.
in Fig. 4 as well. The indicator S and the probability P [χ 1 , χ 2 ] = (1/2) sin 2 [(χ 1 − χ 2 )/2] are independent of the energy of initially photons, but they only depend on the angles χ 1 , χ 2 of the measurement of e + e − spins respectively. Finally, we have plotted the indicator S as a functions of the energy of initially photons, for four set of angles χ 1 , χ 2 , χ ′ 1 , χ ′ 2 , as shown in Fig. 4 . Such the result as the indicator S for initially linearly polarized photons is faster decreasing with the energy than that of initially circularly polarized photons when set of angles is fixed.
CONCLUSIONS
We have investigated and derived, in detail, the explicit polarization correlation probabilities of simultaneous measurement of spins of e + e − pair productions by two colliding photons for initially linearly and circularly polarized photons, emphasizing their dependence on energy for initially polarized photons. The expressions were obtained in the (relativistic) QED setting. The necessity of such a study Table 6 The value of the probabilities of spin correlations of e + e − pair productions of twocolliding circularly polarized photons are shown in Fig. 4 within the realm of quantum field theory cannot be overemphasized, as estimates of such correlations from simply combining spins (as is often done), have no meaning, as they do not involve dynamical considerations. The relevant dynamics is, of course, dictated directly from quantum field theory. The explicit expression for the polarization correlation obtained is interesting in its own right, and they may also lead to experiments that investigate such correlations by monitoring energy (speed), for initially linearly and circularly polarized photons, but not for unpolarized ones. The simulation study carried out in Sec. 3, shows that these expressions also depend on the angles of spin of e + (and/or e − ), for initially linearly polarized photons, but not for circularly polarized photons, as a function of the energy. Our results may also be relevant in the realm of Bell's inequality with emphasis on relativistic aspects of quantum theory, that is, of quantum field theory. Our expressions have shown clear violations of Bell's inequality of LHV theories, in support of quantum theory in the relativistic regime. In recent years, several experiments have been already performed (cf. [8, 9, 10, 11, 12] ) on particles' polarization correlations. It is expected that the novel properties recorded here by explicit calculations following directly from field theory (which is based on the principle of relativity and quantum theory) will lead to new experiments on polarization correlations for monitoring speed in the light of Bell's theorem. We hope that these computations, within the general setting of quantum field theory, will also be useful in areas of physics such as quantum teleportation and quantum information.
